Abstract-The high-frequency sideband current harmonics are the inherent concomitants of applying sinusoidal pulse width modulation (SPWM) in permanent-magnet synchronous machine drives. Abundant spatial interharmonic magnetic field components in fractional-slot concentrated-winding (FSCW) interior permanent-magnet synchronous machine (IPMSM) render it very susceptible to electromagnetic radial vibration. In this paper, a universal analytical interharmonic model of magnetic field in FSCW IPMSMs is proposed, and further, it is employed to develop the sideband radial force density model of SPWM. Both comprehensive finite-element analysis (FEA) simulations and experimental tests are carried out to underpin the validity of the analytical models. The close agreements between the analytical, FEA, and experimental results have revealed that the proposed analytical approaches can deliver accurate sideband current and vibration predictions with minimum computational efforts and suffice for fast preliminary assessments. In addition, the validated analytical models can offer detailed and insightful revelations of various factors that affect the corresponding sideband vibration components.
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I. INTRODUCTION
T HE fractional-slot concentrated-winding (FSCW) permanent-magnet synchronous machines (PMSMs) have been gaining attention in various application due to their distinctive advantages [1] . However, the rich spatial interharmonics, introduced by the armature reaction from the peculiar winding configuration, will induce parasitic characteristics, such as vibration and acoustic noise. Many investigations have been carried out to study the interharmonic components and associated characteristics. The MMF distribution is numerically 0885-8993 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
studied for a concentrated winding machine in [2] . Various stator design techniques such as stator magnetic flux barrier and new winding arrangements are proposed to reduce MMF harmonics in FSCW PMSMs [3] - [6] . Meanwhile, the resultant air-gap magnetic field components associated with armature MMF interharmonics in the inset PMSM is analytically investigated in [7] . A rotor pole with a sinusoidal profile is implemented to reduce the harmonics of the air-gap magnetic field and hence further improve the vibration and noise behavior [8] . The air gap is partially enlarged to smooth the radial stress in the air gap to reduce the vibration in the machine [9] . The harmonic leakage inductance of outer rotor FSCW PMSMs is investigated by involving the winding factors [10] , [11] . Such rich air-gap magnetic field components will induce electromagnetic radial force components with various spatial orders, which are prone to excite significant electromagnetic radial vibration and acoustic noise in the machine [12] - [15] . There have been very limited studies on the analytical investigation of interharmonic magnetic field in FSCW interior permanent-magnet synchronous machines (IPMSMs). The existing research studies are mainly concentrated on the numerical analysis of the magnetic field and its associated vibrations in FSCW IPMSMs [16] - [18] . More importantly, they all only focus on the low-frequency components contributed by the permanent magnets (PMs) and stator armature reaction. There is still a dearth of analytical investigations on high-frequency vibration and noise associated with pulse width modulation (PWM) techniques. The existing studies on such high-frequency characteristics are mainly devoted to induction machine drive systems [19] - [21] . Not until quite recently have there been particular investigations on full direct analytical derivations of sideband vibration [22] at PMSM drive systems with the space-vector pulse width modulation (SVPWM) technique, based on the analytical sideband current model [23] , [24] . The discussion is only confined to integral-slot configuration, and the method cannot be directly extended to cover FSCW configuration [22] . The vibration model in FSCW PMSMs is far more complex due to the abundant interharmonics introduced by the peculiar winding configuration. Therefore, an effective model to analytically estimate the interharmonic components becomes imperative for analytical investigation of vibration in such a machine.
The sideband current model from SVPWM [23] is extended to embrace sinusoidal pulse width modulation (SPWM) in this paper. A new interharmonic magnetic field model is also developed for the FSCW machine. As a result, a closed-form analytical model is accomplished for sideband radial force in FSCW IPMSMs. In Section II, the universal analytical derivation of the critical average air-gap permeance is carried out for FSCW IPMSMs. Section III is dedicated to the general model of interharmonic magnetic field components based on the new permeance model. In Section IV, the main sideband current components are identified by an analytical model, and associated magnetic field and radial force density components are presented. Section V focuses on the experimental validations of sideband current and vibration based on a ten-pole 12-slot prototype, followed by the concluding remarks in Section VI. 
II. AVERAGE PERMEANCE OF MMF INTERHARMONICS IN FSCW IPMSMS

A. Armature Reaction and Associated Permeance
The air-gap magnetic field introduced by the armature reaction can be expressed as
Besides the MMF components in the integral-slot machine, there are abundant of MMF interharmonic components. Certain interharmonic components are quite close to and sometimes even higher than the fundamental component, typically the (Z − p)-order in double-layer-winding machines and extra t 0 -order in single-layer-winding machines, where t 0 is the greatest common divisor (GCD) of stator slot number Z and rotor pole pair number p. The universal MMF model of the ω κ -frequency harmonic current can be expressed as
where the amplitude of the υ-order MMF component is determined by
υ is the spatial order number related to the pole-slot combination and winding arrangement. Generally, the slot harmonics are the main components in FSCW PMSMs. The frequency ω κ can be either positive or negative, which represents the rotational direction of the magnetic field with reference to the fundamental component. It can be observed from (1) that the average magnetic permeance Λ 0 is the predominant component for interharmonics in FSCW PMSMs, similar to the fundamental magnetic field component in [22] . For the sake of simplicity, only this part is taken into account for the permeance analysis. However, Λ 0 is dependent on the corresponding spatial order of the harmonic component and the torque angle in IPMSMs. The complex magnetic flux paths in the peculiar rotor structure make it a variable. Hence, a new permeance model is studied in this part. The rotor structure of a common single-layer IPMSM is depicted in Fig. 1(a) , while the magnetic flux path under υ-order MMF harmonic is demonstrated in Fig. 1(b) . Apparently, the mean value of permeance is spatial order dependent due to the potential short circuit over the iron pole shoe areas above magnet slots and large reluctance of magnet slots.
In order to simplify the permeance model, we assume the following:
1) the permeance is reduced by Λ sl when the flux across one PM slot; 2) the influences of rotor flux barrier bridges are neglected, and hence, the permeance is a square wave; 3) the flux leakages crossing the air gap above flux barrier bridge ribs are ignored; 4) only the unit machine with pole pairs of p 0 and slot number of Z 0 is considered in the model. The permeance of the magnetic circuit that crosses magnet slots, either left or right side, will result in larger reluctance than the short-circuit part. Without loss of generality, the analytical model is discussed in two cases: α υ ≥ α s and α υ < α s .
Noticeably, the corresponding permeance of υ-order harmonic is υ 0 -order in the unit machine. However, they are exactly the same, and it will not be distinguished in the derivation.
B. Average Permeance Model When α υ ≥ α s
For the α υ ≥ α s case, the relevant permeance model demonstrated in Fig. 2 (a) can be simplified by splitting the model into two parts of each α υ range using interpole center line, the left part with virtual solid right part and vice versa, as depicted in Fig. 2(b) . The whole permeance model can be derived by the superposition of these two parts. For each practical part, the curve shape of permeance is exactly consistent with the airgap permeance excited by fundamental d-axis MMF, except the short-circuit shaded part nearby the center line when it crosses with the pole shoe area. The corresponding amplitudes are a half of d-axis component, with value of (Λ δ /2) when it is above the interpole, and (Λ δ /2 − Λ sl ) when it is above the pole shoe. As the virtual parts are considered as solid without magnetic slot, the permeance of these parts can be simply obtained by the symmetric duplication. Examined from Fig. 2 (a) and (b), the practical parts without the short-circuit area can be composed together to obtain the average value of (Λ δ /2 − τ s Λ sl ), where τ s is defined as τ s = α s /α p . As the virtual part is symmetrical to the practical one, the whole average permeance without shaded areas in the figure is (Λ δ − 2τ s Λ sl ).
With regard to the shaded area, there will be υ crossings between rotor and interpole center line. The associated variable γ k is defined as the angular distance between the kth interpole center of υ-order MMF and the nearest pole center of the fundamental component, as shown in Fig. 2(a) . Assume that υ 0 = υ 1 t 1 , p 0 = p 1 t 1 , where t 1 is the GCD of υ 0 and p 0 . It can be proved that there will be υ 1 different angular deviation, which can be represented as
where k is integer, 0 ≤ γ 0 < Δγ, and Δγ can be expressed as
Apparently, each γ k will repeat 2t 0 t 1 times in the machine. It can be observed from Fig. 2 (b) that only the shaded part against the pole shoe will introduce extra magnetic permeance. Consequently, the pole shoe angle α s will affect the air-gap permeance. α s can be expressed in terms of Δγ and written as
If N γ is odd, the shaded part can be derived and presented as
If N γ is even, the shaded part can be represented as
where Λ sh is the permeance component related to the shaded part. It can be noticed that only the case of γ 0 ≤ Δγ/2 is discussed in (7) and (8) . For the γ 0 > Δγ/2 condition, the permeance is simply equal to the case of (Δγ − γ 0 ) due to the symmetry of the model. The whole average permeance can be proposed as
As revealed in the model, the average permeance will be influenced by the smallest degree distance γ 0 , which is correlated with the torque angle and spatial order. For the fundamental component υ 0 = p 0 , it can be obtained directly that υ 1 = 1, and hence, N γ = 0, α rm = α s . Consequently, γ 0 can reach up to the maximum value of α rm /2, which is determined by the initial phase θ s of MMF. When θ s = 0, the corresponding γ 0 is α p /2, and the relative permeance, which is exactly the d-axis fundamental component, can be simplified as When θ s = π/2, the corresponding γ 0 is 0, and the associated q-axis permeance can be expressed as
The subharmonic component with order of υ 0 = 1, which is usually one of the most significant magnetic field harmonics in the single-layer FSCW machine, γ 0 also can reach α rm /2. It can be derived similarly that
Usually, it can be simply approximated as (Λ δ − 2τ s Λ sl ). It implies that the magnetic circuit of the t 0 -order MMF is nearly the same as the fundamental d-axis component, and the corresponding magnetic field can be reduced in IPMSMs. For other main interharmonics, normally the effects of γ 0 and α rm can be neglected due to a comparatively small value of Δγ. Consequently, the average permeance can be simplified as
C. Average Permeance Model When α υ < α s
For α υ < α s , the permeance model can be similarly separated into two parts by distinguishing the magnet slot into two parts based on the relative position to the rotor. As shown in Fig. 3(b) , the left-side part of the magnetic slot always goes with the right part even it allocates on the right side of interpole center line. There must be 2p crossing υ-order poles for both left-and rightside magnetic slots, of which the corresponding permeance will be reduced by the slot portion as shadow marked in Fig. 3(b) , while for the poles without the crossing area, the magnetic circuit will be in short circuit by the rotor shoes or interpole sectors and, hence, maintain as a constant of Λ δ /2 for both separated parts. Consequently, the whole permeance can be derived by the subtraction of the constant part Λ δ and the crossing shaded part. As a resemblance, the angle deviation can be written as
where
Obviously, there are p 1 different degree distance for both γ L k and γ R k . As a resemblance to models (7) and (8), the permeance of the shaded part can be derived. When p 1 is odd, the shaded part can be presented as
When p 1 is even, it can be derived as
As a consequence, the whole average permeance can be expressed as
Obviously, when υ 0 p 0 , the average permeance can be approximated as Λ δ . It means that for high-order harmonics, the corresponding magnetic circuit is close to the fundamental q-axis component.
The lower order slot harmonic components are normally the major harmonic components in the magnetic field, and Δγ is very small as p 0 and υ 0 are coprime in most of the FSCW configuration. Hence, the corresponding average permeance (18) can also be approximately rewritten as
III. HARMONIC MAGNETIC FIELD RATIO AND SIMULATION VALIDATION
A. Fundamental Spatial Air-Gap Magnetic Field Components
As proposed in [22] , the fundamental spatial air-gap magnetic field component can be presented as
where the inductances are the ones contributed only by the fundamental spatial component and can be approximately expressed by neglecting the contributions of high-order rotor saliency components as
L p is related to the mean value of permeance for the fundamental magnetic field, and L sl is the part introduced by the saliency component Λ sl . Meanwhile, the corresponding component contributed by armature reaction can be directly decoupled from the overall one and expressed as
B. Magnetic Field Interharmonic Components
As certain spatial interharmonic components of the air-gap magnetic field from armature reaction can be significant in IPMSM with FSCW configuration, it is essential to include them in the investigation especially under heavy-load conditions. As slot interharmonic permeance can be approximately considered as constant, the corresponding flux density can be simplified as
Meanwhile, a virtual nonsalient flux density is defined as
where (25) and (26), the amplitude of the υ-order spatial component can be obtained as
Therefore, the υ-order spatial component of the armature reaction air-gap magnetic field can be expressed as
where B a is the amplitude of the fundamental spatial components and can be easily derived from (24) by neglecting the salient part L sl in the inductances as
Based on the proposed model, the ratio of Λ υ and Λ p can be calculated from the proposed permeance model, which is also associated with inductance parameters L ad and L aq . Moreover, the spatial order υ involved in (27) and (28) can be negative. That is because the rotational information included in the frequency component in (2) is moved to spatial order part.
C. Validation of Interharmonics in FSCW PMSMs
As discussed in the previous section, the influence of the rotor position can be neglected for the main average permeance harmonics. Consequently, the influence of rotor saliency on slot magnetic field components, which are the main interharmonics in FSCW PMSMs, can be ignored. Fig. 4 demonstrates the simulation results of armature reaction obtained from different pole-slot configurations of double-layer FSCW IPMSMs, with dq fundamental components in Fig. 4(a) . It can be seen from the figure that significant deviation between d-and q-axes magnetic field components exists due to the rotor saliency.
As one of the most significant interharmonics, the (Z − p)-order component is investigated as well. The corresponding d-and q-axis components of (Z − p)-order magnetic field are also demonstrated in Fig. 4(b) . As expected, the (Z − p)-order components are very close to each other for all configurations, due to the trivial influence from the rotor saliency.
Furthermore, the comparison between analytical results and FEM results of the magnetic field ratio of (Z − p)-order interharmonic is also carried out and depicted in Fig. 4(c) . Close agreement has been achieved for all configurations, and hence, the validity and accuracy of magnetic harmonic model have been sufficiently underpinned. Specifically, for the cases of 2p < Z, K Z −p -order harmonics can be further approximated as p/ | υ | for quick assessment of (Z − p)-order harmonic.
In the single-layer winding machine, the t 0 -order one is another significant harmonic, and the magnetic field ratio model (27) can still be employed for the harmonic prediction. However, it might result in slightly larger than the practical value when t 0 p, due to the evident flux leakages in the stator teeth between interharmonic MMF pole pairs.
IV. ANALYTICAL MODEL OF SIDEBAND HARMONICS OF SPWM
A. Analytical Sideband Current Harmonics
The SPWM voltage-source inverter (VSI) drive will generate a cluster of sideband voltage and current harmonics about integer multiples of the switching frequency in the stator windings of the PMSM. In the rotor reference frame, the (ω s ± 3ω 1 )-order harmonic components are the main ones in the first carrier frequency domain, while the (2ω s )-order ones are the main components in second carrier frequency. As a resemblance to the analytical sideband current model in SVPWM [23] , the corresponding component can be similarly derived as
where C 12 and C 21 can be approximated as stator stationary frame can be obtained as
Besides those first and second sideband harmonic components, there are usually more sideband components, such as (2ω s ± 5ω 1 ), (2ω s ± 7ω 1 )-order ones, which are normally much smaller in most of the cases and hence ignored for further discussion in this paper. However, the analytical derivations of those sideband harmonics can be carried out with the same approach. One of the implications from (33) is that the (ω s ± 4ω 1 )-order sideband current harmonics in the PMSM drive with the SPWM technique originate from the difference between the d-axis and q-axis inductances (saliency). Therefore, they almost do not exist in the machine with small saliency such as surfacemounted PMSMs but have nearly the same amplitudes as the (ω s ± 2ω 1 )-order ones in the machine with large saliency.
B. Analytical Sideband Air-Gap Flux Density
With the same procedure of the sideband magnetic field in SVPWM [22] , the corresponding components in SPWM can be presented as
The amplitudes and initial phase are given by
and
As a resemblance, the resultant sideband harmonic magnetic field of (2ω s )-order current harmonics can be derived as
Moreover, the derivations of the υ-order spatial interharmonic components of the air-gap magnetic field generated by the corresponding sideband current harmonic components can follow exactly the same approach as the ones of the fundamental current component. Thus, the respective υ-order spatial components in the stator stationary reference frame can be presented as
C. Sideband Radial Force Density in IPMSMs
The sideband magnetic field will interact with the PM and fundamental current magnetic field components to produce highfrequency radial force, which will acting on the stator system to produce vibration and acoustic noise. According to the Maxwell stress tensor theory, by neglecting the insignificant component, the sideband radial force density can be approximated as
By substituting the fundamental components models (20), (28) and sideband ones (35), (39), (41) into (45), the sideband radial force density can be calculated. It can be noticed that υ = p for b υ a , as the fundamental component has been included in b 0 . Although the armature reaction flux linkage can be close to the PM flux linkage when the machine running under the heavyload condition, the associated interharmonic magnetic field can be ignored in most of the cases. The armature reaction linkage is composed of several interharmonics of similar values, and hence, each part is normally much smaller than the fundamental flux density. Meanwhile, the damping factor takes more important role for high-frequency resonance, and hence, the resonance will not be as significant as the low-frequency cases. As a consequence, normally only the large component of sideband radial force is of interest, and (45) can be further approximated as
Based on the proposed radial force model, the sideband vibration of SPWM can be derived by the analytical vibration model [22] , [25] . In order to improve the prediction accuracy, the mechanical finite-element analysis (FEA) is employed for the stator natural frequency calculation.
V. EXPERIMENTAL VALIDATION
A. Experimental Drive System and Sideband Current Validation
In order to validate the analytical derivations provided by the foregoing sections, comprehensive experimental tests are carried out. The IPMSM, whose cross section is shown in Fig. 5 , is driven by a two-level VSI with the SPWM technique and i d = 0 control strategy, and the main parameters of the machine are given in Table I . The PMSM drive is conducted under the no-load condition, and thus, the interference comes from the mechanical connection and load can be avoided. In fact, the sideband currents and associated vibration can be investigated by different speed conditions, as the modulation index is the main parameter determining the sideband harmonics. The experiment tests on the proposed PMSM are first carried out at an operational speed of 600 r/min. The experimental phase current spectrum is captured and depicted in Fig. 6 . It can be directly observed from Fig. 6 (b) and (c) that the main sideband current harmonic components in first and second carrier frequency domains are the (ω s ± 2ω 1 ), and (2ω s ± ω 1 )-order ones. Different from SVPWM, the (ω s ± 4ω 1 ) components are rather small due to close d-and q-axis inductance components. Consequently, these harmonics will not be taken into consideration in further discussion. Moreover, the others such as (2ω s ± 5ω 1 ) and (2ω s ± 7ω 1 )-order components are too small to be considered.
In order to experimentally validate the analytical models quantitatively, the amplitude variations of the main sideband current harmonics with different modulation ratios are further examined for the proposed PMSM. The experimental tests of the prototype IPMSM with different speeds from 60 to 720 r/min under the no-load condition are conducted to achieve various modulation ratios. The resultant amplitudes of the main sideband current harmonic components, including (ω s ± 2ω 1 )-, and (2ω s ± ω 1 )-order ones, are compiled from the experimental results and compared with the analytical ones in Fig. 7(a) and (b) , respectively. The figures demonstrate very close agreements between the analytical and experimental results for the harmonic components and validate that the proposed analytical models can deliver reasonably accurate predictions for the SPWM scheme.
B. Natural Frequency and Sideband Radial Force Density
According to model (46), there will be an abundance of sideband spatial order radial force components in the machine, such as 0-order, 2p-order, (Z − 2p)-order, (p − t 0 )-order, and (p + t 0 )-order items. By substituting the associated flux density models into the radial force model, the main components in first and second sidebands are demonstrated in Table II .
The corresponding natural frequencies of these items become essential for the vibration prediction, and the structural FEA is employed to calculate the eigenvalue. The low-order natural frequencies of the stator system, including 0-order, (Z − 2p) = 2-order, and (p − t 0 ) = 4-order components, are obtained and depicted in Fig. 8 . Despite its low spatial order value, the natural frequency of 0-order is much higher than 2-and 4-order components, and hence, the corresponding vibration items can 
be ignored. For the higher order components, the eigenvalue is rather bigger than the low-order components and far away from the switching requency involved for investigation. Consequently, they can be neglected as well.
As aforementioned, (Z − 2p) = 2-order and (p − t 0 ) = 4-order radial forces are further investigated for the sideband vibration. The corresponding force density of the machine at different speeds has been given in Fig. 9 . Apparently, the (p − t 0 )-order sideband components are comparatively small due to its smaller magnetic field coefficient. Furthermore, the characteristics of the sideband force density components are basically comport well with associated sideband current. The (ω s ± ω 1 )-order components will gradually increase as the speed increases, while the amplitudes of the (2ω s ± 2ω 1 )-order ones will first increase to reach their peaks and then start to decrease as the speed increases.
C. Experimental Validation of Sideband Vibration
The stator vibrations of the PMSM under 600 r/min with the no-load condition are measured and illustrated in Fig. 10 as well. The measure point of the vibration is located in the center of the machine case surface along the axial direction. It can be easily observed that (ω s ± ω 1 ) and (2ω s ± 2ω 1 )-order components, which are 4450 Hz/4550 Hz and 8900 Hz/9100 Hz, respectively, are the main sideband machine vibration components in first and second carrier frequency domains. There are also components such as (ω s ± 5ω 1 )-, and (2ω s ± 4ω 1 )-order ones, which are caused by (ω s ± 4ω 1 )-and (2ω s ± 5ω 1 )-order sideband currents. They are usually very trivial and can be neglected. Insignificant (ω s ± 3ω 1 )-order components, which are introduced by 0-order radial force, can be also identified in the figure. However, the acceleration amplitude of these components is rather small as the large eigenvalue of the stator system. Moreover, the amplitude variations of the main vibration frequency with different speeds are further examined and compared for both analytical and experimental results. The corresponding amplitudes of the main vibration frequency components from analytical models, and experimental tests, are derived and compared in Fig. 11 . Both (Z − 2p)-order and (p − t 0 )-order components are depicted in the figure. The (Z − 2p)-orders are the predominant components in the first sideband, while (p − t 0 )-order components also become one of the major components in the second sideband as associated frequency is close to the eigenvalue, and hence, resonance will be excited. It can be found that satisfactory agreements between the analytical model and experimental results for all of these sideband orders have been successfully demonstrated, and it is reasonable to conclude that the validation of the proposed model is sufficiently approved.
VI. CONCLUSION
This paper focuses on the analytical investigation of sideband vibration in the FSCW IPMSM drive with the SPWM technique. A new model of interharmonic in FSCW IPMSMs is analytically developed. Novel analytical sideband current and associated radial force density models are derived accordingly. FEA simulation and comprehensive experiments are carried out to underpin the proposed analytical models. Close agreements between analytical and experimental results have been achieved for both sideband current and vibration components, which demonstrate that the proposed analytical approaches can deliver fast and accurate prediction for FSCW IPMSM drives. Most importantly, the validated models can offer detailed and insightful revelations of various factors that affect the corresponding sideband vibration components.
